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Exercise 2.1 (Multiplication and convolution on S ′)

Let g ∈ S (Rd) and de�ne the multiplication by g as a map (Mgf)(x) :=
g(x)f(x).

a) Show that M ′
g : S ′(Rd) → S ′(Rd) is linear and continuous;

b) For φ ∈ S ′(Rd) de�ne multiplication with g by gφ := M ′
gφ and show

that

F (gφ) = (2π)−d/2ĝ ∗ φ̂,

where ∗ is the convolution of ĝ ∈ S (Rd) with φ̂ ∈ S ′(Rd) de�ned in the

lecture.

Exercise 2.2 (The δ′ distribution)

Set for f ∈ S (R)

δ′(f) =
df

dx
(0).

Show that δ′ de�nes a tempered distribution.

Exercise 2.3 (The Fourier transform of complex Gaussians II)

Let t > 0 and set for ε ≥ 0

fε(x) := e−(it+ε)x2/2.

a) Show that fε → f0 in S ′(R) as ε → 0;

b) Show that

f̂0(p) =
ei

p2

2t

√
it
.

Can you explain the relation to Exercise 1.4?

Hint: We know from Exercise 1.2 that for ε > 0

f̂ε(p) =
e
− p2

2(it+ε)

√
it+ ε

.
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Homework

Exercise 2.4 (The delta distribution)

De�ne for f ∈ S (Rd)
δ0(f) := f(0).

Let g ∈ L1(Rd) with
∫
Rd g = 1 and de�ne, for ϵ > 0, gϵ(x) := ϵ−dg(ϵ−1x).

Then for every ϵ > 0, φϵ = φgϵ is a regular distribution.

a) Show that φϵ → δ0 in S ′(Rd), as ϵ → 0;

b) Let θ ∈ S ′(R) be de�ned by θ(f) :=
∫
R 1[0,∞)(x)f(x)dx. Prove that

d
dxθ = δ0. (Here d

dx := (∂1)S ′ is the distributional derivative as de�ned

in the lecture).

c) Prove that δ0 is not a regular distribution.

Hand in on 31.01.2024 before the lecture or by 10:00 by mail to jonas.lampart@u-bourgogne.fr.


